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ABSTRACT: In this paper composite convolution operators with weight are introduced on Hilbert space H. Some basic
properties for composite convolution operators with weight have been investigated. The characterization of normal,
Hermitian and idempotent composite convolution operators with weight are explored. The commutant of composite
convolution operators with weight has also been characterized.
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1 INTRODUCTION

Let (X,Q,M) be a o-finite measure space and @ X->X be a non-singular measurable transformation ( p(E) =0 = p(pl(E) =0).
Then a composition transformation , for 1< p <o, Cg: L? (1) >L° (u) is defined by Cyf =fo@, forevery f[l L°(W). In case Cyis

continuous, we call it a composition operator induced by @. It is easy to see that C, is a bounded operator if and only if
-1

dug
du
For more detail about composition operator and weighted composition operators, we refer to Singh and Manhas [10],
Campbell [2] and Takagi [13]. For each f O L°(l1), 1 < p < o, there exists a unique (p'l(Q ) measurable function E(f) such that |
gfdus= I g E(f) dy, for every (p'l(Q ) measurable function g for which left integral exists. The function E(f) is called Conditional

Expectation of f with respect to the sub- algebra (p'l(Q ). For more properties of the expectation operator, we refer to
Parthasarthy [9].

= f,, the Radon-Nikodym derivative of the measure p(p'1 with respect to the measure |, is essentially bounded.

Given f, g O L’(R), then convolution of f and g, f-g can be defined by
fgb) = [ gbev)f(y) duty)
where g is fixed, k(x,y) = g(x-y) is a convolution kernel, and the integral operator defined by
Wi = [ kOey)f (v) duty)
is known as Convolution operator. Suppose @:[0,1] - [0,1] is a measurable transformation, then

Wof () = [ kbey)fi@y)duty)

= | kel fiy)duty)
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is known as composite convolution operator induced by pair (k,®),
where kg (x-y) = E( f (y)k(x-y) @'(y)).
Suppose u : X >( is a measurable function. Then the bounded operator W, , defined by
Wief(x) = [ u(x)k(x-y)f(@y))dpuly)
= [ kuglx-y) fly)du(y),
is known as composite convolution operators with weight,
where kyo{x-y) = UX)E(k(- @ (y) foly) = UE(R(P (V) foly))

It is easy to observe that W, o= W, if u(x) =1 for every x X, and W =W, if @x)=x forall x X . Also, it is clear that
W, o= M, W, where M, is a multiplication operator induced by u.

The symbol L°(l) denotes the collection of all measurable functions f: X - R (or C) such that

(I | (x) |” dp)"/ < oo. The space L°(X, S, u) is a Banach space under the norm defined by || f ||, = (I | £1°dw)™".
X X

If p=2,then Lz(u), the space of square-integrable functions of complex numbers is a Hilbert space. By B(Lz(u)), we denote
the Banach space of all bounded linear operators from Lz(u) into itself.

For literature related to integral operators in particular on convolution operators we refer to Stepanov ([11],[12]), Bloom
and Kerman [1], Halmos and Sunder [7], Lybic’s [8]. Gupta and Komal ([3],[4]), Gupta ([5],[6]) also studied composite
integral operators and composite convolution operators. In this paper the study of composite convolution operators with
weight is initiated. The adjoint of composite convolution operator with weight has been obtained. Hermitian, normal,
idempotent and bounded composite convolution operators with weight are characterized. An attempt has been made to
explore the commutant of composite convolution operator with weight. It is also shown that the set of all composite
convolution operators with weight is algebra

2 HERMITIAN, NORMAL AND IDEMPOTENT COMPOSITE CONVOLUTION OPERATORS WITH WEIGHT

In this section a sufficient condition for bounded composite convolution operator with weight on Lz(u) has been obtained.
The criterion for composite convolution operator with weight to be Hermitian, normal and idempotent have been discussed.

Theorem 2.1: Let ky o [] Lz(uxu). Then W, 4is a bounded composite convolution operator with weight.

Proof: For every f [ Lz(u), we have

[ Wy |17 = i I l | u() k(x-y)f(@y))dily) 1* du(x)

= i | i U(X)E(ky (@ (y))Foly))F(y)diily) | *dpa(x)

IN

I i IU(X)fo(v)E(kxoqfl(v))IZdU(X)du(v)(J. If(y)]* di(y))

X

( i i | Kuglx - y) > dpa(x) dputy) ). [1F]17

2 2
= |1 kol I”- 1111
Hence W, 4 is a bounded operator.
In the following theorem we compute the adjoint of a composite convolution operator with weight.

Let A: L’ (1) — L*(1) be defined by

(AF)(x) = [ oy E((uf)o@™)(y) K(Y = X) dpy)
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Theorem 2.2: If W, ,[1B(L*(W)) , then A= V\/u*w.

Proof: Consider

(f,Wyeg) = J f(x) Tu(X)k(x = y) g(eAy)) duly) du(x).

= ” fo(x)(E(ufo@™)(x) K(X=Y) du(x) G (v) d(y),
(By using Fubini’s Theorem)

J. (Af)(y) G (y) duy).

(Af,g)  foreveryf, g OL*(p).

Hence A =Wu*'¢,. This completes the proof of theorem.
Theorem 2.3: Let W, [J B(Lz(u)). Suppose (p'l(S) =S. Then W, ois Hermitian if and only if

j 1.[ fo(x) k(x - y) E(u 0 @)(x)dp(x) dp(y)
E g (F)

= I I foly) K(Y = X) E(uo@”)(y)du(y)dp(x).

g (E) F

Proof: Suppose W, 4is Hermitian. Then for any measurable rectangle ExF of finite measure,

(MWog Xy Xpriey) = I I foly) K(Y=X) E(U X 1 g, © @' (V) AHlY) X s ) (X)HI(X)

T i K= ko 0 s X e, () )

= I j foly) K(Y = X) E(uo @")(y)d(y) dpi(x) (2.1)

E ¢'F)

and

(W )(w,l(E),)(w,l(FQ =TT wtookoe ) x e, ) X o, 00 i

I s vetwow i c X gy ) AR

I cpmoyirsoiioomoty auy X gy (AH(N)

1.[ I fo(y)k(x -y)E(uo@)(x)dp(x)dp(y) (2.2)
¢ (E) F

From the equations (2.1) and (2.2), it is clear that if W, ¢ is Hermitian, then the condition must hold.

Conversely, if the condition is true, then clearly

( Wu,(a /Yngl(E) ,8) =¢ Wu,(p)(w—l(E) 8) (2.3)
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for every simple function g. Since simple functions are dense in L°(H), so the equation (2.3) is true for every g 0 Lz(u).
This proves that W, is a Hermitian operator.

Theorem 2.4: Let W, [J B(Lz(u)). Then W, 4is normal if and only if

i Koo (V) kugly - 2)dp(z)dply) = l Kuobx-y) KG oy - 2)dp(z)dply).

Proof: Suppose W, yis normal. For any measurable rectangle ExF of finite measure, we have

(W, Wao Xe, Xe) I [T K, 0e9) kuely - 2Xel2) XX )y dpi(x)

= i _[_[ k:,w(x-y) ku,(p(y - Z)du(Z)d H(y)du(x)

ExF

and < Wu,(D u,gyxE ’ XF>

= i .” Ku,g (x-y) k:,¢(v-Z)XE(Z) Xe(x)du(z)dp(y)dp(x)

- i J.J. kultp(x'y) k:,(ﬂ(y - Z)du(z)dp(y)du(x)_

ExF

Thus, it follows that

i Koo (6Y) kuoly - 2)dp(z)dply) = i Kuolx-y) KG oy - 2)dp(z)dpy).

Conversely, if the condition is true then it is obvious that W, is a normal operator.

Thus the proof of the theorem is complete.
Theorem 2.5: Let W, ,[] B(Lz(u)). Then W, 4is idempotent if and only if kernel k, ¢ is idempotent.
Proof: If the condition is true , then an easy computation shows that W, , is idempotent.

Forf, g Lz(u), we have
2 *
(W, fg) = (Wuef, W, ,,8)

= i (J u)k(ey)@y)duiy)). [ U(X)K* (X = 2)g(¢A(2))d(2) duix)
- l [ KugkV)FY) kuolzx) T (2)di(z) dply) dit(x)
- l [] Kud2%) Kugbxcy) dRX)Fy) ditly) G (2)dp(2)
= J Wuof(2) T (2) dpiz) = (W, of, 8)

(where kliw(z-y) = ,[ ky,g(z-X) ky ox-y) dl(x), as ky,q is idempotent, so k¢= ktiw )

Hence W, ,is an idempotent operator.
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Conversely, if W, ¢ is an idempotent operator, then taking f=Xgand g=X.

<Wu2,¢ XEI XF > = <Wu,q)XEr XF >

ie., I .! JF. Ku,o(2-X) kyp(x-y) dH(x) du(y)du(z)=J. E.!F kuglz-y) du(y) du(z)

Thus

E_)':F k,i(p(z- y) duly) = E_L ky,¢lz- y)dH(y), which proves that k, 4is idempotent.

Corollary 2.6: Let W, , [ B(Lz(u)). Then W, 4 is an projection if and only if k, 4 is an idempotent and

ku,(p(y - X) = ku,(p(x'y)-
In the next result commutant of composite convolution operators with weight is obtained.

Theorem 2.7: Let W, ([ B(Lz(p)). Then Mg commutes with W, , ifand onlyif 8=00¢ a.e.

Proof: For f OL°(p),

(Wy,o Mef)(x) = J. u(x) k(x - y)(Mef)o@(y) dp(y)
= I u(x) k(x - y) 6(q(y)) f(ly)) dialy) (2.4)
and (Mg W, f)(x) = B(x)( W,,4f )(x)
(2.5)

- 0(x) j u(x) k(x - y) f(@ly)dp(y)

In view of equations (2.4) and (2.5), we have

(Mg Wy of)(x) — (WyeMg f)(x) = J. u(x) kix-y) [B(¢ly)) - 6(x)] f(@ly)) di(y).

Hence, the result.
Theorem 2.8: Let S={ W4 : W, o0 B(Lz(u))}. Then S is an algebra of B(Lz(u) .
Proof: Let W, , and |,, be composite convolution operators with weight induced by kernels k and h respectively and
Wy, oo O BL'(W).

Then, for f O Lz(u), we have

Wy + lug) fX) = Wy of(x) + 1y f(x)
= [ utakoen floty) duy) + [ uthtey) flaty) duty)
X X

= j u(x) [k(x-y) +hix-y) ] f(@ly)) duly)
X

= A, (pf(x):
where A, , is composite convolution operators with weight induced by kernels (k+h) .

Also, for any scalar a, we have

(Wyeaf)(x) = I u(x)k(x-y) o f(@(y)) di(y)
X
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j a u(x)k(x-y)f(@ly)) duly)

X

a Wy, f(x).

Hence, the result proved.

Theorem 2.9: The product of two composite convolution operators (W, . l,¢) is a composite convolution operators I Ky oo
u.g u.g

if (ku,(phu,(p)(x'z)zj. ku,g(X-y) hygly-z)du(y).

Moreover, Wy luo=luoWue, if (kyehue(x-z) = (hygkye(x-2)

Proof: For every f [ L2[0,1],

Wog luoftd = [ Kugey) (lufl(n)du(y)

= [ uabov) hudy-2) fz) dtz) dy)

[ 1] Kuabey) huly-2)uty)] f(2) dua)

[ Kuohugea) fl2)duiz) (26)

Hence, the product of two composite convolution operators with weight, W, . I, is again a composite convolution

operator with weight |k h, induced by convolution kernel k ¢h,, o
u.gu.g

Again,  LugWuoft) = [ [ hugbevlnedy) fl2) dia) duty)

[ ek fla)dua) 2.7)

The equations (2.6) and (2.7) give desired conclusion.

Corollary 3.5: The product of two composite convolution operators is zero if at least one of them is zero.
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